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ABSTRACT

Large Panels with Common Factors and Spatial Correlations’

This paper considers the statistical analysis of large panel data sets where even after
conditioning on common observed effects the cross section units might remain dependently
distributed. This could arise when the cross section units are subject to unobserved common
effects and/or if there are spill over effects due to spatial or other forms of local
dependencies. The paper provides an overview of the literature on cross section
dependence, introduces the concepts of time-specific weak and strong cross section
dependence and shows that the commonly used spatial models are examples of weak cross
section dependence. It is then established that the Common Correlated Effects (CCE)
estimator of panel data model with a multifactor error structure, recently advanced by
Pesaran (2006), continues to provide consistent estimates of the slope coefficient, even in
the presence of spatial error processes. Small sample properties of the CCE estimator under
various patterns of cross section dependence, including spatial forms, are investigated by
Monte Carlo experiments. Results show that the CCE approach works well in the presence of
weak and/or strong cross sectionally correlated errors. We also explore the role of certain
characteristics of spatial processes in determining the performance of CCE estimators, such
as the form and intensity of spatial dependence, and the sparseness of the spatial weight
matrix.

JEL Classification:  C14, D13, D91, L14, O12

Keywords: panels, common correlated effects, strong and weak cross section dependence

Corresponding author:

M. Hashem Pesaran

Faculty of Economics

University of Cambridge

Sidgwick Avenue

Cambridge, CB3 9DD

United Kingdom

E-mail: hashem.pesaran@econ.cam.ac.uk

" We are grateful to Alexander Chudik and George Kapetanios for helpful comments and suggestions.


mailto:hashem.pesaran@econ.cam.ac.uk

1 Introduction

Over the past few years there has been a growing literature, both empirical and theoretical, on
econometric analysis of panel data models with cross sectionally dependent error processes. Cross
correlations can be due to omitted common effects, spatial effects, or could arise as a result of
interactions within socio-economic networks. Conditioning on variables specific to the cross sec-
tion units alone does not deliver cross section error independence; an assumption required by the
standard literature on panel data models. In the presence of such dependence, conventional panel
estimators such as fixed or random effects can result in misleading inference and even inconsistent
estimators. (Phillips and Sul, 2003). Further, conventional panel estimators will be inconsistent
if regressors are correlated with the factors behind the error cross section dependence. (Pesaran,
2006). Correlation across units in panels has also serious drawbacks on commonly used panel unit
root tests, since several of the existing tests assume independence (Levin, Lin and Chu, 2002; Im,
Pesaran and Shin, 2003). As a result, when applied to cross sectional dependent panels, such unit
root tests tend to have substantial size distortions (O’Connell, 1998). This potential problem has
recently given major impetus to the research on panel unit root tests that allow for cross correla-
tions (see, for example, Bai and Ng, 2004, Moon and Perron, 2004, and Pesaran, 2007). These and
other related developments are reviewed in Breitung and Pesaran (2007).

In the case of panel data models where the cross section dimension, N, is small and the time
series dimension, T, is large, the standard approach to cross section dependence is to consider the
equations from different cross section units as a system of seemingly unrelated regression equations
(SURE), and then estimate it by Generalized Least Squares techniques (Zellner, 1962). If the time
series dimension is not sufficiently large, and in particular if N > T, the SURE approach is not
feasible. The approach also fails to yield consistent estimators if the cross dependence is due to an
observed common factor which is correlated with the included observed regressors.

Currently, there are two main strands in the literature for dealing with error cross section
dependence in panels where N is large relative to 7', namely the residual multifactor and the
spatial econometric approaches. The multifactor approach assumes that the cross dependence can
be characterized by a finite number of unobserved common factors, possibly due to economy-wide
shocks that affect all units albeit with different intensities. Under this framework, the error term is
a linear combination of few common time-specific effects with heterogeneous factor loadings plus an
idiosyncratic (individual-specific) error term. Estimation of a panel with such multifactor residual
structure can be addressed by full maximum likelihood procedure (Robertson and Symons, 2000),
or by principal component analysis (Coakley, Fuertes and Smith, 2002). A major shortcoming
of these techniques is that they are not applicable when the regressors are correlated with the
common shocks, as in this case they lead to inconsistent estimators. Recently, Pesaran (2006) has
suggested an estimation method, known as Common Correlated Effects (CCE), that consists of
approximating the linear combinations of the unobserved factors by cross section averages of the
dependent and explanatory variables and then running standard panel regressions augmented with
the cross section averages. An advantage of this approach is that it yields consistent estimates also

when the regressors are correlated with the factors. Monte Carlo studies have also shown that,



compared to other existing methods, CCE estimation is the most efficient and robust to alternative
assumptions various hypothesis of non-stationarity of variables and factors (Coakley, Fuertes and
Smith, 2006; Kapetanios and Pesaran, 2007).

The spatial approach assumes that the structure of cross section correlation is related to location
and distance among units, defined according to a pre-specified metric. Proximity needs not be
measured in terms of physical space, but can be defined using other types of metrics, such as
economic (Conley, 1999, Pesaran, Schuermann and Weiner, 2004), policy, or social distance (Conley
and Topa, 2002). Hence, cross section correlation is represented by means of a spatial process,
which explicitly relates each unit to its neighbours (Whittle, 1954). Spatial econometric literature
has suggested a number of processes for modeling spatial dependence. The most widely applied
are the Spatial Moving Average (SMA) and the Spatial Error Component (SEC) specifications,
and the Spatial Autoregressive (SAR) model. They differ in the range of dependence implied by
their covariance matrices. Estimation of panels with spatially correlated errors is generally based on
maximum likelihood techniques (Anselin, 1988), or on the generalized method of moments (Kelejian
and Prucha, 1999; Conley, 1999). However, most of the work on spatial econometrics has so far
been carried out in the context of a single cross section, or under strong cross section homogeneity
and time invariance assumptions. While few authors consider heterogeneity and time dependency
in spatial panels (Anselin, 1988; Kelejian et al., 2006), the study of local forms of correlation across
units in more general framework of heterogeneous panel regressions still remains a challenging topic.

This paper considers estimation of a panel data model with common factors where the idiosyn-
cratic errors could display spatial dependence. Specifically, we consider a panel data model where
the error term is the sum of a multifactor structure and a spatial process. In this setting, we show
that Pesaran’s CCE approach continues to be valid, and under certain standard assumptions on the
spatial error process provides consistent estimates of the slope coeflicients. To this end, we intro-
duce the concepts of time-specific weak and strong cross section dependence. We define a process to
be cross sectionally weakly dependent at a given point in time if its weighted average at that time
converges to it expectation in quadratic mean, as the cross section dimension is increased without
bounds for all predetermined weights that satisfy certain ‘granularity’ conditions. If this condition
does not hold, then the process is said to be cross sectionally strongly dependent. The distinctive
feature of strong correlation is that it is pervasive, in the sense that it remains common to all units
in a progressively larger cross sectional sample. Convergence properties of weighted averages is
of great importance for the asymptotic theory of various estimators and tests commonly used in
econometrics. From a more general perspective, the time-specific notions of weak and strong cross
section dependence is also related to a consistent body of research in finance, the theory of asset
pricing and portfolio choice (Chamberlain, 1983; Forni and Lippi, 2001).

We also investigate the nature of dependency conveyed by most widely applied processes for
modeling contemporaneous correlation. We prove that common factor models provide a class of
panel data models with both strong and weak dependence, while commonly used spatial processes
are characterizations of weak cross section dependence.

We conclude the paper with a Monte Carlo study investigating the small sample performance of



the CCE estimator under alternative cross section error correlations. We examine the performance
of the CCE estimator both when the errors display spatial dependence and when they are subject
to unobserved common factors. The mixture case where both sources of cross section dependence
exist is also considered. In particular, we show how certain characteristics of spatial processes, such
as the spatial intensity and the sparseness of the spatial matrix, affect the performance of the CCE
estimator.

The plan of the remainder of the paper is as follows. Section 2 sets out the panel regression
model with common factors and spatial dependence and discusses the idea underlying the CCE
approach. Section 3 introduces the concepts of strong and weak cross section dependence. Section
4 explore the relationship between the dependence structure of processes and the existence of
dominant cross section units. Section 5 presents common factor models as examples of models
with strong dependence. Section 6 investigates the nature of cross section dependence implied by
most commonly used spatial processes. Section 7 introduces the CCE estimator in the context of
panels with common factors and spatial dependence. Section 8 describes the Monte Carlo design

and discusses the results. Finally, Section 9 provides some concluding remarks.

2 Panels with common factors and spatial dependence

Let y;; be the observation on the i** cross section unit at time ¢ for i = 1,2,...,N; t = 1,2,....T,

and suppose that it is generated as
yir = ;dy + Bixi +Vifi + eir, (1)

where d; is a n x 1 vector of observed common effects, x;; is a k x 1 vector of observed individual
specific regressors on the ith cross section unit at time ¢, f, = (fits faty -y fmt)" 18 an m-dimensional
vector of unobservable variables (known as common shocks/factors), v; = (Y15, Y2is s Ymi) 1S the
associated m x 1 vector of factor loadings, and e;; is the unit-specific (idiosyncratic) error term.
The common factors, f;, are viewed as shocks that simultaneously affect all cross section units,
albeit with different degrees.
To model the correlation between the individual specific regressors, x;+, and the common factors
we suppose that
xit = Ajdy + Tif, + vy, (2)

where A; and I'; are n X k and m x k factor loading matrices with fixed components, and v;; is
the individual component of x;;, assumed to be distributed independently of the common factors
g = (di.f))"

Equations (1) and (2) can be written more compactly as

Zit = ( Yit ) = B;dt + C;ft + D;u’ita (3)

Xit



where

Ut = cit y D’L = ! 0 ’
Vit Bz I

B, = (a; A; )D;,C;=(~; I;)D;.

The idea underlying the CCE approach is that the unobserved factors can be well approximated by

the cross section averages of z;;. Hence, estimation can be carried out by least squares applied to

auxiliary regressions where the observed regressors are augmented with these cross section averages

plus the observed common factors, d;.

As a way of illustrating this result, consider a set of fixed weights {w;} that add up to unity
and satisfy the condition YN | w? = O (N71). Let

Vit

eit + Bivi
Eit _ D;uzt _ ( 1t 181 it ) .

Then the cross section average of (3), using the weights w; yields

If we assume

it follows that

Zwt = Bl,d; + Cf + €,

N N
Zyt = E W;iZit, fthE (O3
Py i1

N N
Bw = ZwiBi, and Cw = szcl
=1 =1

Rank(C,) =m < k+ 1, for all N,

f, = (C,C.) 'Cy [Zur — Blyds — &) -

Therefore, f; can be approximated by linear combinations of (Zy, d;), if

In such a case we obtain

where

=  qgm.
Ewt — 0.

(4)



T = (E(v;), E(T)), and 8 = E(8;).! One of the main contributions of this paper is to investigate
general conditions under which &, i 0, in particular in cases where the individual specific errors,
eit, display spatial dependence.

To this end we now introduce some definitions and notations to be used throughout the paper:
A1(A) > ... > A\ (A) are the eigenvalues of a matrix A € M,,, where M,, is the space of real n x n
matrices. A~ denotes a generalized inverse of A. R is the set of real numbers, N the set of natural
numbers, and Z is the set of integers. The following definitions establish some useful terminologies
(see, for example, Horn and Johnson (1985, p.35, pp.290-291).

Definition 1 Let A € M,,. The spectral radius p(A) of A is

p(A) = max {|\; (A)]}.

Definition 2 Let A € M,,. The column norm of A is

[A]l, = max Z\%I-

1<j<n

The row norm of A is

[A]l, = max Zlawl-

The Fuclidean norm of A is

A, = [Tr(AAN)]"2.

Definition 3 Let {a,} be a non-stochastic sequence (Lee, 2002).

(i) {an} is bounded (denoted by O(1)) if there exist a finite constant K that does not depend on
n such that |a,| < K for all n.

(ii) {an} is at most of order b, (denoted by O(by,)) if there exists a constant K independent of n
such that |ayp| < Kby, for all n.

(iii) {an} is bounded away from zero at a rate b, if there exist a positive sequence {b,} and a

constant K > 0 independent of n such that K < |z—:‘ for n sufficiently large.

We make the following assumptions on the common factors, their loadings, and the individual
or unit specific errors:
AsSUMPTION 1: The (n+m) x 1 vector g; = (d}, f/)’ is a covariance stationary process, with

absolute summable autocovariances, distributed independently of e;» and v, for all ,¢,t.2

!Pesaran also shows that the CCE continues to be applicable even if the rank condition, (6), is not satisfied. In
this case the mathematical details are much more complicated.

2This assumption can be relaxed to allow for unit roots in the common factors, along the lines shown in Kapetanios,
Pesaran and Yagamata (2006).



AsSUMPTION 2: The individual-specific errors e;; and vjy are distributed independently for
all 7, j, t and ¢/, and for each i, v;; follows a linear stationary process with absolute summable
autocovariances given by .

Vit = Z HiECi,tha

(=0
where for each ¢, {;; is a k x 1 vector of serially uncorrelated random variables with mean zero,
the variance matrix I, and finite fourth-order cumulants. The coefficient matrices Il;, satisfy the
condition
)
Var(vit) = Zﬂwﬂge =3, <3, < oo,

=0
for all i and some constant matrix X, where 3; is a positive definite matrix.

AsSUMPTION 3: The unobserved factor loadings, v, and I'; are bounded, i.e. ||v;]l, < K and
T, < K, for all 4.

AssuMmPTION 4: The slope coefficients 3, follow the random coefficient model

B;=B+wv;, vi~IID0,Q,) fori=1,..,N,

where ||B]| < K, ||Qu]l, < K, €, is a symmetric non negative definite matrix, and the random
deviations, v;, are distributed independently of v;, I';, €;¢,vjt, and g; for all ¢, j and ¢.

Finally, we assume that the individual specific errors e;; follow a Spatial Autoregressive (SAR)
processes (Cliff and Ord, 1973, 1981):

eir = 0€i + €it, (10)

where J is a scalar parameter, and é;; is the spatial lag of e;;, defined by
N
Eit = Z Sij1€jt (11)
j=1

and g are cross sectionally independently distributed random variables with mean zero and finite
variances, U%. But for each ¢ the errors €;; can be serially correlated.

Similar spatial models can also be specified for the individual-specific errors of the x;; equation.
But to keep the exposition simple we shall not be concerned with this problem explicitly, and
assume that v;; is cross sectionally weakly dependent (see below). As we shall see this assumption
does allow for the possibility of spatial dependence across the individual specific errors of the x;;
equation.

In (11), s454 is the generic element of a N x N matrix S;, known as spatial weight matrix,
which provides information on the ordering of cross sectional units and the various network or
neighborhood linkages at time ¢ (Anselin, 1988, 2002). In matrix form, the spatial model (10) can
be written as

e = 0Sie; + &4, (12)



where e; = (e1y, ...,ent)" and €; = (€14, ...,en¢)’. Hence, the error term associated to a cross section
unit is modelled as a weighted average of errors corresponding to its neighbouring cross section
units, plus a white noise.

In the following, we introduce the notions of time-specific weak and strong cross section de-
pendence for a stochastic process, on the basis of the convergence properties of its cross section
average, as the number of units in the average is allowed to increase without bound. We investigate
the conditions under which the CCE estimator continues to be valid in the presence of spatial
dependence such as the SAR process defined by (12).

3 Weak and strong cross section dependence

In this section, we study the structure of correlation of a double index process {zi;,i € S,t € T}
where S C N, 7 C Z, and z; are random variables defined on a probability space (2, F, P). In
this paper the index t refers to an ordered set, the time, while the index ¢ indicates the units of
an unordered population. Our primary focus is on characterizing the correlation pattern of the
double index process {z;} over the cross sectional dimension. To this end, we make the following
assumptions:

ASSUMPTION 5: Let wy = (wyy, ...,th)/ be a vector of pre-determined weights and assume
that the following ‘granularity’ conditions hold for all ¢t € 7:

Iwill, = 0 (N3) (13)

wjt

) (N—%) for any j < N (14)

[[well
Also, although not necessary for our analysis, it is convenient to assume that the following normal-

ization condition holds N
> wir=1. (15)
=1

ASSUMPTION 6: Let Z; be the information set at time ¢ containing at least z, z¢_1, ... and Wi, W¢_1, ...
where z; = (214, ..., 2n¢)" and w; = (wyy, ..., wn¢) . For each t € 7, z; has conditional mean and

variance

E(zt\l}_l) = O, (16)
Var (z¢|Zi—1) = X, (17)

where 3; is a N x N symmetric, nonnegative definite matrix, with generic (4,7)"" element Tijits
and such that 0 < 0;;; < K, for ¢ = 1,..., N, where K is a finite constant independent of V.
Assumption 5, known in finance as the granularity condition, ensures that the weights {w;}
is not dominated by a few of the cross section units. In Assumption 6 we impose some regularity
conditions on the time series properties of {z;;}. Assumption 6 is also standard in finance and

specifies that z; has conditional means and variances. The first part, (16), can be relaxed to



E(z¢|Z;—1) = py_q, with p,_; being a pre-determined function of the elements of Z;_;. But to
keep the exposition simple and without loss of generality we have set pu,_; =0.

Consider now the weighted averages, Z,: = Zf\i L Wit—1Zit = w,_,2, for t € T, where z; and
w;_1 satisfy Assumptions 5 and 6. We are interested in the limiting behaviour of w}_,z,; for each
teT as N — .

Definition 4 (weak dependence) The process {zi1} is said to be cross sectionally weakly dependent
(CWD) at a given point in time t € T, if for all weight vectors, wi_1, satisfying the granularity
conditions (13)-(14) we have

lim Var(wi_qz¢|Z;—1) = 0. (18)

N—oo

If (18) holds for allt € T, then we say that the process is cross sectionally weakly dependent.
Proposition 5 The process {zi} is CWD at a point in time t € T if A1 (2;) is bounded.

Proof. We note that by the Rayleigh-Ritz theorem?
Var(wg_lzt |Z—1) = wg_lﬁtwt,l < (W£_1Wt—1) A1 (Xy). (19)
Since Aj (X;) is bounded for all N, then under the granularity conditions (13)-(14) we have

lim Var(wi_qz¢|Zi—1) = 0.
N—o0

A particular form of a CWD process arises when pairwise correlations take non-zero values
only across finite subsets of units that do not spread widely as sample size increases. A similar
case occurs in spatial processes, where for example local dependency exists only among adjacent
observations. In Section 6 we will characterize the cross correlations implied by most commonly
used spatial processes.

A number of remarks concerning the above concept of CWD is in order.

Remark 6 The notion of weak dependence does not necessarily involve an ordering of the obser-

vations or the specification of a distance metric.
Remark 7 It is clear from (19) that if A1 (2;) = O(N'=) for any e € ( 0,1), then
]\}E}Tloo (Wé,lwt_l) )\1 (Et) = O,

and the underlying process will be CWD. Hence, the bounded eigenvalue condition discussed in the
literature is sufficient but not necessary for CWD. According to our definition a process could be
CWD even if its maximum eigenvalue is rising with N, so long as its rate of increase is bounded

appropriately.

#See Horn and Johnson (1985, p.176).



Remark 8 The concept of “idiosyncratic” developed in Forni and Lippi (2001) can be derived
from our notion of CWD as a special case. Forni and Lippi (2001) define as “idiosyncratic” any
double sequence, {zi}, if its weighted average computed both over cross section units and across
time converges to zero in quadratic mean, for all sets of weights satisfying the granularity condition
(13). They show that the boundedness of the largest eigenvalue of the spectral density matriz of {zi }
(at all frequencies) is necessary and sufficient for the process to be idiosyncratic. To ensure the
existence of the spectral density, Forni and Lippi assume that the underlying time series processes
are stationary with absolutely summable autocovariances. In contrast, in our development of the
CWD, we consider the asymptotic behaviour of the weighted averages at each point in time, which
does not require any reqularity assumptions on the time series properties of the underlying processes

beyond those set out in Assumption 6.

Remark 9 Also in establishing the equivalence of the bounded eigenvalue conditions and the idio-
syncratic property, Forni and Lippi consider weights that are not pre-determined, and in principle
could depend on the elements of 3 (taken by Forni and Lippi to be time invariant). By focusing
on pre-determined weights, as we shall see below, we are able to provide a more natural link to the

literatures on panel estimation and inference and the portfolio decision theory.

If condition (18) is not satisfied, then the incidence of non-zero pair-wise correlations across the
elements of ¥; would be pervasive. More specifically, we say the process {z;;} is cross sectionally
strongly dependent (CSD) at a point in time ¢ € T if there exists a vector of weights, w;_;, that
satisfy (13)-(14), and a constant K independent of N such that for N sufficiently large

Var(w,_1z¢|Zy—1) > K > 0. (20)

Proposition 10 Let {z;;} be cross sectionally strongly dependent at a point in time t € T. Then

A (2y) and |||, are bounded away from zero at rate (wt Wi 1)

Proof. For a strongly dependent process, under the granularity conditions (13)-(14) we can find a

set of weights w;_1 such that
0< K <Var(w,_1z¢|T; 1) < (W£—1Wt—1) A1 (), (21)

which proves that A; (2;) diverges to infinity at least at rate (wgflwt_l)_l. Further, we know
that*
A1 (Be) < {132l

It follows from (21) that
0< K < (wi_ywio1) A1 (3) < (Wiywe) [12]l.,

which proves that ||X¢||. must tend to infinity at least at rate (nglwt_l)_l. n

4See Horn and Johnstone (1985, pp. 297-298).



From the above proposition, both the spectral radius and the column norm of the covariance
matrix of a CSD process are unbounded in N. This result for a CSD process is similar to the
condition of not absolutely summable autocorrelations that characterizes time series processes with
strong autocorrelation (Robinson, 2003). We observe that for any process {z;} either weak or
strongly correlated, A; (3;) and ||%;||, cannot diverge to infinity at a rate larger than N. Indeed,
since

N N
M (Be) <) oiig, and [l < (12@1’3\, Ujﬁ) ZU%’
i=1 == i=1
and given that by Assumption 6 o4, the diagonal elements of 3, are finite, it follows that A (X;)
and ||3||. approach infinity at most at rate N.

Remark 11 The above concepts of weak and strong cross section dependence are also related to the
notion of diversifiability provided by the asset pricing theory (Chamberlain, 1983). In this context,
3 represents the covariance matriz of a vector of random returns on N different assets, and
wi—1, fori=1,2,..., N, denote the proportion of investor’s wealth allocated to the ith asset. From
Definition 4 it follows that the part of asset returns that is weakly dependent will be fully diversified
by portfolios constructed using wy_1 as the portfolio weights, and as N — oo. The part of asset
returns that is strongly dependent can only be diversified with portfolio weights that are dependent

on the factor loadings. Indeed, assume for simplicity that returns {ry} have the one-factor structure
Tit = Vi ft + €it,

where fy ~ IID(0,1), and {e;} is a CWD process distributed independently of f; and ~y;. Consider
the portfolio weights

s
where
1 N N )
/’LW:NZV'L‘f‘Si:N?lZ(Pyi_ﬂy) > 0.
i=1 i=1

It is then easily verified that these weights satisfy the granularity conditions, (13)-(14), and since
{eit} is CWD then

. " . 2
lim Var (Efvzlwi Tit |ft) = ft2 ]\}gnoo (Eﬁvzlwf%‘) .

N—o00
However
»N wiy; =0, for all N,

and the variance of the portfolio return, pys; = S wiry, tends to zero as N — oco. Note that for

all p., # 0, the underlying return {ry} is a CSD process.

We conclude this section with two results concerning the relationship between strongly corre-
lated and weakly correlated variables. Following Definition 4, we say that two processes {zjtq}
and {z;} are weakly correlated if A}im E(ZuwtaZwtp |Zt—1) = 0, for all sets of weights at time ¢

— 00

that satisfy the granularity conditions. The next proposition considers correlation of two processes

10



with different cross dependence structures. We then investigate the correlation structure of linear

combinations of strongly correlated and weakly correlated variables.

Proposition 12 Suppose that {zi1q} and {zyp} are CSD and CWD processes, respectively. Then
for all sets of weights {wg,t—l} and {wg,t—l} satisfying conditions (13)-(14) we have

lim E(Zwt,aZwtp |Z—1) = 0.
N—o0o

Proof. Let {wﬁt_l} and {wf}t_l} be two sets of weights satisfying conditions (13)-(14). For ¢
€ 7, we have

Ti1))? < Bz 0 |Te1) E(Z | Temn)-

[E(Eﬂﬂf:a’gwﬁb wt,a

Since z;t,, is a CSD process then

lim E(z2,,|Ti-1) > K > 0,

N—o0 ’
where K is a finite constant. Also from (18), and considering that z; ; is a CWD process we have

lim E(z2,,|Z—1) = 0.
N—oo ’

Therefore, for all sets of weights satisfying (13)-(14), we obtain

lim E(zwt’azwub |It,1) =0.

N—oo
[

Proposition 13 Consider two independent processes {zito} and {ztp}, and their linear combina-
tions defined by

Zit,e = BaZit,a + ByZitbs (22)
where B, and [, are non-zero fized coefficients. Then the following statements hold:
(i) Suppose {zito} and {2z} are CSD, then {zi} is CSD,
(it) Suppose {zito} and {2z} are CWD, then {z .} is CWD,
(iit) Suppose {zitq} is CSD and {zyp} is CWD, then {zit .} is CSD.

Proof. Let 3, , and X, j, be the covariance matrices of z¢ o = (2114, -, 2Nt,a)’ and 21 p = (2146, -, 2N0) s
and X; . the covariance of their linear combination that is, given the assumption of independence
between 2y, and z

e = 532:5,(1 + B%Et,b.

The variance of the weighted average w;_,z; . satisfies
Var(wy_12c|Ti-1) > B7Var(wi_125 1), j=a,b,

11



which implies that, if there exists a weights vector w;_; satisfying the granularity conditions such
that either Var(w}_ 24 |Zi—1) or Var(w;_ 2.} |Z;—1) or both are nonzero, then also Var(w;_;2;|Z;—1)
is bounded away from zero and {zj .} is cross sectionally strongly dependent (this proves (i) and

(iii)). Also, by Weyl’s theorem®, the largest eigenvalue of X . satisfies
A1 (Be) < 53)\1 (Bta) + /31?)\1 (Xip),

which establishes that if both A; (3;,) and A (3;;) are bounded, then also A\ (¥;.) is bounded
in NV, and hence {z; .} is cross sectionally weakly correlated (this proves (ii)). m

The above result can be generalized to linear functions of more than two processes. In gen-
eral, linear combinations of independent processes that are strongly (weakly) correlated is strongly
(weakly) dependent, while linear combinations of a finite number of weakly and strongly correlated
processes is strongly correlated, since on aggregation only terms involving the strong component

will be of any relevance. This result will be employed in Section 5.

4 Strong dependence and dominant effects

In this section we introduce the notion of dominant effects in the covariance matrix of strongly
dependent processes. We then explore the relationship between dominant units and the asymptotic
behaviour of eigenvalues of the underlying covariance matrix. The discussion will introduce us to

multifactor models which will be broadly investigated in Section 5.

Definition 14 Let A = (a;;) € M, with finite elements, a;;. We say that A has m dominant

columns if there exists a m-dimensional subset J(m) of the index set J ={1,2,...,n} such that

(i) SN laij| = O(N), for j € J(m)
(ii) SN il = O(1) for j € T 0T (m)".

It also follows that matrix A € M,, will have m dominant rows if A’ has m dominant columns
according to the above definition.

Clearly, if the conditional variance ¥; of a process {z;;} has m dominant columns, it will also
have m dominant rows. In this case, the units corresponding to the unbounded columns and rows
have a strong relationship with all other units. This situation arises in a number of empirical appli-
cations, in particular when it is possible to identify few dominant individuals (regions), the leaders,
that influence many others, the followers. For example, in the context of global macroeconomic
modelling, few large economies, such as US, strongly affect small economies, yet impact of small
countries on the rest of the world as a whole is negligible (Pesaran and Chudik, 2007). In the study
of price competition among firms, it is possible to consider not only localized forms of rivalry, where
firms compete only with their close neighbours, but also a global or monopolistic competition, in

which all products compete with one or few products of a particular brand (Pinkse et al., 2002). A

See Horn and Johnson (1985, p. 181).
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further example can be taken from the housing market in a country such as England, where house
price variations in few major urban centres like London have an impact on the dynamics of prices
in all other smaller and medium-sized cities in the country.

In Proposition 10 we have proved that under CSD the largest eigenvalue of the covariance matrix
diverges to infinity at the rate of N. Further, we have seen that this implies that 3; has (at least)
one dominant cross section unit. Under some general conditions the reverse is also true, that is if
3; has unbounded column norm, then the largest eigenvalue of 3i; is also unbounded in N. Since
3, is a symmetric positive semi-definite matrix it can be decomposed as ¥; = R;R}, where Ry is

an N x r (r < N) matrix with bounded row norm. The following inequalities hold®

M(E) < 1%l < (Rl 1R (23)
Rl
VN

(B2 (24)

IN

From (24), if |R¢|, is bounded away from zero at a rate greater than v/N, then A1 (%) also diverges
to infinity. Note that if the largest eigenvalue is bounded, the column norm of Ry (and hence of ¥;)
can still diverge to infinity at a rate at most equal to v/ N. As we will see in Section 6 below, this
result has a nice intuitive interpretation when dealing with spatial processes, where the R; matrix
is a function of the spatial weight matrix.

We now consider the case where a strongly dependent process has more than one characteristic
root that increases with N. As we will see in the following section, this is the case of common
factor models (Chamberlain and Rothschild, 1983, Forni and Lippi, 2001). The following theorem
holds.

Theorem 15 Consider a process {zit} which is cross sectionally strongly dependent at timet € 7.

Let m be a fized number. Then the following statements hold:

(i) Suppose Ap(Xy) = O(N), then the process underlying ¥, has at least m dominant cross

section units

(11) Suppose X; has m dominant cross section units, then \j(3;) = O(N), for 1 < j < m, and
Am+1(2¢) is bounded.

Proof. Suppose for simplicity that the columns and rows of X; are arranged so that first column
vector has the largest absolute sum norm, the second column vector has the second largest absolute
sum norm, and so on. Call ¥} the matrix obtained from X; by deleting its first row and first
column. Let X? be the the matrix obtained from X} by deleting its first row and first column, X3
that obtained dropping the first row and column of 3? and so forth, to obtain the set of interlacing
matrices X}, ..., 7. From the interlacing eigenvalues theorem (see Horn and Johnson, 1985; p.
186) we know that

A (B1) € An(Bh) € A1 (B1) < o € a(Be) < M(ED < M ()

SFor (23) see Bernstein (2005, p.351), and for (24) see Bernstein (2005, p.368, eq. xiv).
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From the above relation, the following inequalities can be established

A (1) € An—1(B]) < Ana(BF) < o < X(B772) < A (B (25)
Ant1(Z1) < An(B]) < A1 (B7) < < (B < M(S) (26)
MY < <M (D) < M(ED <M () (27)

Also, recall that
M(E) < |[=

(28)

c
Suppose first that A, (2;) = O(N). Then from (25) A\;(Z"!) is also unbounded, implying (from
(28)) that HE?’_lHC = O(N). Hence, ¥; has at least m dominant units, which proves (i). Vice
versa, suppose that 3; has m dominant units. Then we know from (24) that 3; has at least one
eigenvalue unbounded in N. Further, note that, by the definition of dominant units, [|37"|, is
bounded, and hence, from (28), \1(X}") is also bounded. From (26) it follows that Ap,41(X;) is
bounded, which proves (ii). m

Note that in several cases the number of column vectors in ¥; having unbounded sums largely
exceeds the number of unbounded characteristic roots. In the extreme case, 3; could have N

dominant units, with only one eigenvalues exploding to infinity, as in the following example of

equicorrelation
1 0 0
1 0
3 =0’ : : (29)
06 ... 1
0 0 1

where |f] < 1. In this case all column sums are unbounded. However, the characteristic roots of

the above matrix are

M(E) = P14+ (N -1)0]
N(Z) = 0°(1-06) forj=2,..,N,

namely only the largest eigenvalue is unbounded in N. In the next section we will see that processes

with a covariance matrix like (29) can be well represented by the means of common factor models.

5 Common factor models

Originally proposed in the psychometric literature (Spearman, 1904), factor models are extensively
used in macroeconomics and finance to represent the evolution of large cross sectional samples
with strong co-movements. Panels with common factors have been applied to characterize the
dynamic of stock and bond returns (Chamberlain and Rothschild 1983; Connor and Korajczyk,

1993; Kapetanios and Pesaran, 2007), and in macroeconomics to summarize the empirical content
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of a large number of variables by a small set of factors (Stone, 1947; Forni and Reichlin, 1998;
Gregory and Head, 1999; Stock and Watson, 2002).

Factor models are typically used in the literature to represent CSD processes. However, ac-
cording to our definition there are special cases where the factor representation could yield a CWD

process. To see this, consider the following multifactor process for {z;}

Zit = Uit t €4, 1= 17"'7N7 (30)
wig = Yo fue + YioSor + oo + Vi St (31)

where the number of factors, m, is assumed to be smaller than the number of cross sectional units,
N. The factors, fy, and their loadings, v,,, satisfy Assumptions 1 and 3, respectively. Without
loss of generality we assume that E(f2 [Zi—1) = 1 and E(fufpt |Z—1) = 0, for £ #p =1,2,...,m.
We also make the following standard assumption to distinguish the common factors from the
individual-specific component, e; = (eqy, €at, ..., ent)’, with Var (e |Zi—1) = Xt

AssumMPTION 7: For a given t € T, A1 (X,;) is bounded, namely {e;;} is a CWD process.

Theorem 16 Consider the factor model (30)-(31), and suppose that assumption 1, 3 and 7 hold.
The process {zyt} is cross sectionally weakly dependent at a given point in time t € T, if and only
if BN o0 Yy, 40 =0, for £ =1,...,m, and for all weights {w; 1} satisfying (13)-(14).
Proof. From Definition 1, z;; is CWD for at a given point in time ¢t € 7, if

N—oo

lim Var(Zy: |Zi-1) = A}im Var(ty|Zi—1) + Var(éw |Zt—1)] = 0.

Since e;; is CWD it immediately follows that A}im Var(éwt |Zt—1) = 0. Consider now the first
—00

component of z; and note that under our assumptions

N N
]\}i_l}loovar(ﬂwt Zi-1) = ]\}1_1}100 Z Zwi,tfle,tfl (Vv + -+ YimVjm)
i=1 j=1
: ~2 =2
= Jim (3D o)
where 7, |, = Zf\i 1 Wit—17;- This establishes that weak cross section dependence of z; is

equivalent to A}i_r)noo'_ywt_hg =0, for £ =1,2,...,m, for all sets of weights satisfying (13)-(14). m
As a consequence, if z;; is CWD then weighted averages of the factor loadings converge to zero as
N — oo. Conversely, for a strongly dependent process, there must exist a set of weights satisfying
(13)-(14) such that
Hm Var(tw [T—1) = Vo, 1+ -+ Vop_ym > 0, (32)

N—oo
which implies that there must at least be one factor fy; such that its loadings satisfy the condition,
]\}Lrnoo:}/wt—lyﬁ 7& 0.
In the literature on factor models, it is quite common to impose conditions on the loadings or on

the eigenvalues of the conditional covariance matrix, 3., of u; = (uyy, ..., u Nt)' that constrain the
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form of cross section dependence carried by the factor structure. For example, Bai (2005) assumes
that the factor loadings satisfy Zf\; 73, = O(N), for £ = 1,...,m. But this condition does not
necessarily imply ]\}i_r)noo'_yw .10 7 0. It is, therefore, possible for a factor structure to exhibit weak
cross section dependence in the sense of Definition 1. This, for example, could arise in the case
where the factor loadings are independent draws from random a coefficient model with zero means
and finite variances.

In the literature on asset pricing models, one common assumption is that A, (X,¢) is bounded
away from zero at rate N (Chamberlain, 1983; Forni and Lippi, 2001). Under this assumption, since
rank (3y) = m, and \; () > 0, for i = 1,2, ..,m, and \; (X)) =0, fori=m+1,m+2,...,N.
Noting that under Assumption 7 A; (X¢¢) = O(1), we have

Am (Et) Z )\m (Eut) )

and

Amt1 (B4) < Mgt (Bue) + A1 (Ber) = M (Zer) -

Hence, it follows that A1 (2¢), ..., Am (£;) increase without bound as N — oo, while A1 (2) 5 ...y An (Z4)
satisfy the bounded eigenvalue condition. Such a model is generally referred to as an approximate
factor model. Most factor structures yield eigenvalues that increase at rate N. But as shown by
Kapetanios and Marcellino (2006), it is possible to devise factor models that generate eigenvalues

that rise at rate N%, for 0 < d < 1.

6 Weak cross section dependence in spatial models

When a metric of distance is available, spatial techniques can be used to allow for interactions and
cross dependencies in regression model. Important applications of spatial models in economics can
be found in the literature on regional income growth (Rivera-Batiz and Romer, 1991), in the field
of microeconomics that analyses the diffusion processes of certain behaviours across a population
(Brock and Durlauf, 2001), and in a recent strand of public economics that studies the role of
interaction among policy makers (Brueckner, 2003).

In the space-time process {zy,i € S,t € T}, the index i denotes the i*" spatial unit whose
location s; is known and varies over a fixed subset of the k-dimensional Euclidean space R*. The
spatial approach to cross section dependence assumes that the covariance between any two random
variables depends on their relative distance. The ordering or neighbour relation among the variables
(z1¢ ..., 2N¢t) 1s expressed by means of the spatial weights matrix S; (Anselin, 1988, 2002). The
specification of S; is in general arbitrary, typically based on some measures of distance between
units. A range of suggestions have been offered in the literature, based on geographic distance
(Cliff and Ord, 1981; Anselin, 1988), as well as more general metrics, such as the ones based on
economic (Conley, 1999; Pesaran, Schuermann and Weiner, 2004), or social proximity (Conley and

Topa, 2002). When dealing with geographic distance, it is common to define weights using the
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notion of contiguity between units, and assigning a nonzero weight only when units ¢ and j are
contiguous. There exists a number of different ways to build a matrix that contains contiguity
information for the same spatial layout; the essential point is deciding whether units that only
share a common vertex should be considered neighbours or not. In the example of a regular square
lattice, these alternatives are denoted as the rook formation under which two units are considered as
neighbours if they share common boundaries; the bishop formation, if they share common vertices,
and the queen formation if they share both boundaries and vertices. Alternatively, weights can have
continuous values, in general a declining function of the distance between spatial observations, such

»
©,t?

as sjjt = e*‘f’diﬂ'!t, or S;j ¢ = 1/d where d;;; is the distance between units at time ¢, and ¢ is a
parameter that can be set a priori, or estimated jointly (Haining, 2003). Finally, some authors have
suggested to use a block structure for the weighs matrix, by dividing the population into groups,
and considering as neighbours only those units that belong to the same group (Case, 1991).

In this section we show that, under certain regularity conditions, cross section correlations
arising from most widely applied spatial models can be considered as particular examples of CWD
processes. We prove that, given certain conditions on the weights matrix, the largest eigenvalue of
the covariance matrix of our sequence of variables is bounded as the number of cross section units
is increased.

Consider the variables e;; for i = 1,...,N collected in the vector e; = (e, ...,ent)’, for t =

1,2,...,T. The process {e;;} follows a Spatial Moving Average (SMA) process (Haining, 1978) if
e = 6St€t + &, (33)

where ¢ is a scalar parameter and &; = (14, ...,sNt)'. In the spatial econometric literature where
the focus is often on a single cross section, it is typically assumed that e;; ~ I1D(0,02). But in
what follows we consider a less restrictive set up and allow the idiosyncratic errors, €;, to be serially
correlated with mean zero and a finite variance 0 < 0? < K < 00. However, we continue to assume
that e;; and €1 are independently distributed for all ¢,¢'; and for all ¢ # j.

For the spatial weight matrix, S;, we make the following assumption:

AssuMPTION 8: The main diagonal elements of S; are zero,

_1 1 _
() € (~ 5. & ). where ps = max {p(S)}.

(b) [|S¢||, is bounded for all ¢,

(c) |IS¢]|.. is bounded for all ¢.

For the SMA model the covariance matrix of e; is
3 = (In +0Sy) A (Iy +6S)),

where A is a diagonal matrix with a% on its diagonal. We note that the SMA specification

induces a short-range correlation across section, since the only off-diagonal non-zero elements of
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the covariance matrix are those corresponding to non-zero elements in S;. Given the properties of

matrix norms, the largest eigenvalue of 3; satisfies the following inequality

A (Z4) = M[(In 4 0S) Ac (In +6S))] < 0F s 1In + 0S|, || In + S}

C’

where 02, = Igzgzcv {02} < K. Hence, under Assumptions 8(b) and 8(c), e;+ is a weakly cross
sectionally correlated process. As we will see later on in this section, bounded row and column
norms of the weights matrix is a very common assumption in the spatial econometric literature.
Note that this assumption rules out the case where, for some ¢, S; has dominant units.
We say that {e;;} follows a Spatial Error Component (SEC) process (Kelejian and Robinson,
1995) if
et = 051, + e, (34)

where 1, and €; are two uncorrelated vectors of random variables, with zero mean and diagonal
variance matrices A, and A., with elements w? and a?, respectively. In this case e; has covariance

matrix

3 = 62SiAyS; + A..

The range of spatial correlation induced by the SEC is very similar to that in the SMA, since it
is constrained to close neighbours, for which the off-diagonal elements of the weighting matrix are

non-zero. The largest eigenvalue of X; satisfies
2 2 2
A1 (Et) <9 Wmax HStHc ”StHr + Onax-

where w2 = max {w?} < K. As for the SMA process, Assumptions 8(b) and 8(c) ensure that

the SEC model is cross sectionally weakly dependent.

Consider now the Spatial Autoregressive (SAR) process introduced at the end of Section 2:
e; = 0S;e; + &;. (35)

Under Assumption 8(a), this is an invertible process and can be expanded according to the geometric
series (Horn and Johnson, 1985, p. 301)

o0
-3 s
h=0

The covariance matrix of the SAR process is

2= Iy —0Sy) ' A(In —6S) 7! = [Z (5S:)"
h=0

3 ]
As X, contains matrix powers and products of S;, even if S; contains few non-zero values, the

covariance structure induced by the SAR model is not sparse. This argument has been used in

spatial econometrics literature to claim that the SAR process describes a global pattern of spatial
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correlation, since it links all units in the system to each other (Anselin, 2002). As a result, the cross
section correlation carried by a Spatial Autoregressive representation can be much more extensive
than that implied by a SMA or SEC processes. However, we note that the SAR model, under some
regularity conditions, is weakly cross sectionally correlated. Indeed, the largest eigenvalue of 3,

satisfies the following inequality

M(Z) < o Y101 [SE| 10" st
h=0 “h=0
< O 3 10" 8l Y l61" 1Sl
h=0 h=0
Hence, under Assumptions 8(b) and 8(c), and under the condition
6 <1/[ISell.» and & < 1/ IS¢, , (36)

we have

1 1
A1<z><||2uchim( )( )<K,
o <= T 18, \ T[S,

namely e; is a CWD process. Note that (36) also implies that the spatial autoregressive process is
invertible, hence, under (36), Assumption 8(a) is not needed.

The conditions on bounded row and column norms of S; implies that each unit has a finite num-
ber of neighbours that does not increase with NV, namely S; has no dominant units (columns/rows).
This way of expanding the spatial weight matrix as the number of cross section units gets larger
corresponds to the notion of increasing-domain asymptotics, which is the asymptotic based on a
growing spatial domain, rather than on increasingly dense observations in a fixed and bounded
region (Cressie, 1993).

We conclude this section noting that the SMA and the SAR processes, under the assumption
of invertibility (i.e. Assumption 8(a) for the SAR process), are particular cases of the following
general process

e; = Riey, (37)

where Ry is a given N x N matrix. Specifically, for a SMA process R; = (Ix +dS;), and for a SAR
process Ry = (Iy — 0S;)~!. This matrix plays a crucial role in the analysis of spatial models, and
as we shall see below typically satisfies the following assumption:

ASSUMPTION 9: Ry has bounded row and column norms for all t.

The key result for the cross section averages of e; is summarized in the following theorem.

Theorem 17 Consider the process (37), where R, satisfies Assumption 9, and for each t, e is

distributed independently across i with mean zero, finite variances 0 < o2 < o2, < oo, and finite

fourth-order moments, E(e}) = piy < K < 0o. Then for all sets of weights satisfying (13)-(14),

E (&, |T;-1) = O(N™ 1), and Var (€2, |T;—1) = O(N?).
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Proof. First note that

E (€5 |Ti-1) = Wi ReARIwy 1 < 0py (Wi wim1) M (ReRY)

max

But since R; has bounded row and column norms, A\; (R;R}) is bounded, and for all sets of weights
satisfying (13)-(14) we have
E (&2, |Ti-1) = O(N1).

To prove the second part of the theorem, let

2 = (kike) PRl
where
ke = AVPRjw,_1, and n, = AZ %, (38)
Then
_ 2
ey = (Wi_1ReeeiRiwi1)” = (ki) 7,
and

Var (éﬁ,t 1Ti—1) = (kjre)*Var(z7).

But for each ¢, z; is a scalar random variable with mean zero, a unit variance, and finite fourth
order moment (since it is a linear function of ;). Note also that since e;; are cross sectionally
independently distributed then by standard central limit theorems z? & X2 as N — oo. Hence

Var(z?) is finite for all N. As a result
Var (€2, |Ti—1) < K(kjke)?.
Now substituting for x; from (38) we have

Var (éfut \It,l) < gt (wg_le)? [)\1 (Rth)]z.

max

As )\ (RyRY) and 02, are bounded, then in view of (13)-(14), it follows that

Var (82, |T;—1) = O(N?).

Therefore, for any invertible spatial process {e;;}, where the spatial weight matrix S; has
bounded row and column norms, &2, converges to zero in quadratic mean as N — oo, for all sets
of predetermined weights satisfying the granularity conditions. It is worth emphasizing that this
result holds even if the idiosyncratic errors, €;, follow heterogeneous processes that are serially
correlated over time. But to identify the spatial model we would need some restrictions on their
cross section correlations. For the purpose of proving the consistency of the CCE estimator it is

sufficient that e2, > 0 as N — co. (see Section 7).
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The assumptions required for spatial correlation to be weak are often adopted in spatial econo-
metric literature as regularity conditions, since they ensure consistency and asymptotic normality
of maximum likelihood estimators (Lee, 2004; Kelejian and Prucha, 1999; Mardia and Marshall,
1984). Kelejian and Prucha (1999) prove consistency of their GMM estimator in the context of a
single cross section under the assumption that the matrices S and (I — 6S)_1, for |§| < 1, have
bounded row and column norms. The proofs of consistency of GMM estimator (and also of ML) are
based on a central limit theorem for quadratic forms in € (see Kelejian and Prucha, 1999, 2001). Lee
(2004) has studied the properties of ML and quasi-ML estimators of a spatial process where each
unit is influenced by few neighboring units. The author shows that ML and quasi-ML estimators
are consistent and asymptotic normal under the assumption that the matrix S has bounded row
and column norms, and that (Iy — dS) ™! has bounded row and column norms at the true value of
0 (say dp), and is uniformly bounded in either row or column sums for any other value of § in a
compact set around dg.

Mardia and Marshall (1984) have demonstrated that in a regression equation with correlated
errors, bounds on the largest eigenvalues of the error covariance matrix and of its first and second
order derivatives (with respect to the unknown parameters) are sufficient for weak consistency and

asymptotic normality of the ML estimator of the spatial parameters.

7 Estimating panels with common factors and spatial correlation

Consider the panel data model with common factors set out in equations (1)-(2), where e; is
an invertible spatial process of the type (37). From the discussion on strong and weak cross
section correlation, it follows that Assumption 9 guarantees that (8) holds. Hence, the unobservable
common factors can be well approximated by the cross section averages of the dependent variable
and individual specific regressors. We now focus on estimation and inference on the means of the
slope parameters 3;. To this end, we assume for ease of exposition that the rank condition (6) is

satisfied, though this assumption can be relaxed. Let M,, be defined by

M, =1 - H,(H,H,) 'H,,

H, = (D,Z,), where D and Z,, are, respectively, the matrices of observations on d; and Z,; =
(Ywt, Xuwt). We make the following additional assumption:

AssumPTION 10: Consider the cross section averages of the individual specific variables, z;; =
(yit, x};)" defined by Zy = Zf\; 1 WiZi, with time-invariant weights {w;} satisfying Assumption 5.

Then the following conditions hold:

(a) The k x k matrices W, = T-HX!M,X;) and \ilig = T_l(XgMgXi), where 1\_/Ig = Ir —
G(G'G)"'G’ and G = (D, F), are non-singular and \ill_Tl and \ili;l have finite second order

moments, for all ¢
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N
(b) The matrix Wyr = Z w;
i=1

X MuwX;
T

is non-singular.

Pesaran (2006) has suggested two alternative estimators for the means 3 of the individual slope
coefficients. The Common Correlated Effects Mean Group (CCEMG) estimator and the Common
Correlated Effects Pooled (CCEP) estimator. The latter is defined by

N
bye=N"1) b, (39)
=1
where
Bi = (X;Min)_lX;Mwyi, (40)

and X; = (x1, ..., xi7)", ¥i = (Yi1, ..., yir)’. The following theorem applies to this estimator.

Theorem 18 Consider the panel data model (1)-(2) with errors e given by (37). Suppose that
Assumptions 1-5, 9 and 10(a) hold. Then the common correlated effects mean group estimator buc
given by (89) is asymptotically (for fired T and N — oo) unbiased for 3, and as (N,T) 7, o0 we
have

VN (barc = 8) = N0, Bura),
where

Sue = Q.

A proof is provided in the Appendix. The covariance matrix. Xj;g, can be consistently esti-

mated by

Sue = ﬁ i (Bi - BMG) <Bi - BMG),- (41)

1=

The CCEP estimator, which gains efficiency from pooling observations if 3, = 3, is defined by

N I N
E)P = (Z X;l\_/.[le) Z X;l\_/Iwyi. (42)
i=1

i=1

The following theorem applies to this estimator.

Theorem 19 Consider the panel data model (1)-(2) with errors ey given by (87). Suppose that
Assumptions 1-5, 9 and 10(b) hold. Then the common correlated effects pooled estimator bp given
by (42) is asymptotically unbiased for B and as (N,T) 2, 00 we have

N —1/2
(Z w?) (br —8) = N(O.Zp),
i=1

where
EP — \Il*_lR*‘I’*_l,
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with

N
v = i >
i (wm).

=1
N
* : 1 ~2
R* = lim [N Z;w (i),
~ w;
w; =
N
N*lz:wi2
=1

=1
with
N
- X'M,X
\If* = Z'wZ L Tw Z7
=1
N - —_
AL 1 O XIMLX (s s A X/ M, X;
R = ﬁzwi%{(bi—bMG‘)(bi—bMG‘)/}%-
1=1

In the rest of the paper, we study the small sample properties of CCE estimators in a model

with common factors and/or spatial correlations.

8 Monte Carlo experiments

8.1 Monte Carlo design

This section provides Monte Carlo evidence on the small sample properties of CCE estimators,
under different assumptions on the stochastic process generating the error terms. The study is
comprised of four sets of experiments. In the first set to be used as a benchmark, we replicate
the Monte Carlo study in Pesaran (2006), where the dependent variable and the regressors are
assumed to depend on a linear combination of unobserved common factors. In a second set of
experiments, we consider a panel where the error terms are generated by a spatial autoregressive
(SAR) process. In the third set, we combine the two sources of cross section dependence, assuming
that the error term is the orthogonal sum of a factors structure and a spatial process. In the fourth
set of experiments, we allow the source of cross section dependence to vary over time, assuming
that in a certain interval of time the error term follows a factor structure, and in the remaining

time periods is generated by a pure spatial process.
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For all experiments we considered the following data generating process

yit = oydig + Baxiie + BioT2it + Vi f1e + Yiofor + €its
Tjit = agrdie + aijador + Vi fie + Vijefar v, J=1,2,

fori=1,...,N and t = 1,..., T, where we assume homogeneous slopes with 3, = 3 = (1,1)’. In the
above equation, di; and do; are observed common factors, fit, for, and fs; are unobserved common

effects, and e;; are idiosyncratic errors. We adopt the following data generating processes:

dlt = 17 d2t = 5dd2t—1 +uvgt, t= 17 "'7T7
var ~ IIDN(0,1—63), 04=0.5, dag=0,

fjt = 6fjf1t71+vfjt7 ]:172a37 tzl?"aT7
vg, ~ IIDN(0,1-06%), 07, =05, fjo=0,

and
Vit = O, Viji—1 + vije, t = 1,...,T,
Vijt  ~ HDN(O,l—éim), vijo = 0,
Sv,;, ~ 1IDU(0.05,0.95) for j =1,2.

The factor loadings of the observed common effects do not change across replications and are

generated as

a; ~ IIDN(1,1), i=1,..,N,
(@i11, a1, @iz, ain2) ~ IIDN(0.574,0.514),
where 74 = (1,1,1,1) and I is a 4 x 4 identity matrix.

The various experiments involve different hypothesis on the loadings of the unobserved common

factors, and on the way the errors e;; are generated. In particular, we have carried out the following

sets of experiments:

Experiment A

The parameters of the unobserved common effects in the x;; equation are generated as

Yior 0 7Vizs N(0,0.5) 0 N(0.5,0.5) |’
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the parameters of the unobserved common effects in the y;; equation are’

Finally, in this experiment the errors are independently distributed across i, namely

eir ~ IIDN(0,02), 0%~ IIDU[0.5,1.5], fori=1,..,N.

Experiment B

The factor loadings of the unobserved common effects are set to zero, v,1; = V13 = Vio1 = Vioz =
Yi1 = VYi2 = 0. In other words, the regressors and the dependent variable do not depend on
the unobserved factors f;. The individual specific errors e;; are generated according to a spatial

autoregressive process

N

eir = 523ijejt +e4, fori=1,...N,t=1,..,T
j=1

e ~ IIDN(0,0%),0% =1,

where 0 is the spatial autoregressive coefficient, s;; , for 7,5 = 1,..., N, are elements of a spatial
weight matrix S, assumed to be time-invariant.

In this experiment we consider a spatial weight matrix S with elements s;; = 1 if units ¢ and
J are adjacent and s;; = 0 otherwise. Further, we assume that cross section units are ordered so
that the pt* order neighbours of the i** cross section unit can be defined as i — p and i + p cross
section units. The spatial weight matrix is defined in a circular world, where the first observation
is adjacent to the last observation. Finally the weighting matrix is row-standardized, so that all its
non-zero elements are equal 1/2p. We note that such spatial weight matrix has bounded row and
column sums.

We have experimented with two different values of the spatial coefficient, § = 0.8, which corre-
sponds to a sizeable level of cross section error correlation, and ¢ = 0.4 which correspond to a more
moderate level of spatial error correlation. Further, we have experimented with a spatial weight
matrix of order p = 2, and a sparser matrix of order p = 1. In total, Experiment B consists of four
different sub-experiments.

This experiment is intended to illustrate the extent to which the inclusion of cross section
averages of the dependent variable and regressors as in the CCE approach is able to capture spatial

correlations.

"These parameters are drawn such that the rank condition (6) is satisfied.
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Experiment C

The parameters of the unobserved common effects in the x;; and in the y;; equations are generated

as in Experiment A

Yiir 0 Vs ~ IID N(0.5,0.5) 0 N(0,0.5)
Yior 0 7ie3 N(0,0.5) 0 N(0.5,0.5)

The individual specific errors e;; are generated as in Experiment B, that is

N

€it = 5ZSij6jt +éey, fore=1,.,.N,t=1,...T
7j=1

eix ~ IIDN(0,0?), 0? =1,

where ¢ is the spatial autoregressive coefficient, s;; are the spatial weights.

Again, we have experimented the case of high spatial correlation § = 0.8, and the case of
moderate spatial dependence § = 0.4, and changed the order of the weights matrix from p =1 to
p = 2. This set of experiments aims at verifying to what extent CCE estimators capture both local

and global cross section dependence.

Experiment D

In these experiments the source of cross section dependence is allowed to vary over time. In
particular, we assume that common factors have nonzero loadings in the equations for y;; and
X;+ only over a certain interval of time, and assume that cross section dependence is generated
by a spatial process for the remaining sample period. We consider the following two sub-sets of
experiments, where the cross dependence changes from strong to weak and back to strong; and
a second sub-set under which the cross dependence begins to be weak, turns into strong before

reverting back to the weak form.

Experiment D1

e Fort = 1,..., L%J parameters of the unobserved common effects in the x; and in the y;

equations are generated as in Experiment A

<%‘11 0 %13) N HD<N(0-5,0.5) 0 N(0,0.5) )

Yior 0 Vios N(0,0.5) 0 N(0.5,0.5)

o t=[%]+ 1, [ B ], weset i1 = Y13 = izt = Vizs = Vi1 = Viz = 0 (as in Experiment B),

26



and assume

N

€t = 525ij€jt+5itv fore=1,..,.N,t=1,...,T
j=1

e ~ IIDN(0,0%),0% =1,

with § = 0.4.

e Fort = L%J +1,...,T parameters of the unobserved common effects in the x;; and in the y;;

equations are generated as in Experiment A

Yiir 0 i3 11D N(0.5,0.5) 0 N(0,0.5)
Yior 0 7Viz3 N(0,0.5) 0 N(0.5,05) )’

Experiment D2

e For ¢t = 1, ceey L%J we set Yi11 = Vi13 = Vi1 = Vi23 = Vi1 = Yi2 = 0 (aS in EXpeI‘iment B), and

assume
N
e = (5231']-6# +ei, fori=1,..,.N,t=1,..T
j=1
g ~ IIDN(0,0%),0% =1,
with § = 0.4
= L%J +1,..., L%J the parameters of the unobserved common effects in the x;; and in the

yit equations are generated as in Experiment A

Yar 0 7iis 11D N(0.5,0.5) 0 N(0,0.5)
Yior 0 Vios N(0,0.5) 0 N(0.5,0.5) )’

o Fort = |2L| +1,...,T we set ;11 = Vi13 = Yiz1 = Vioz = Vi1 = Vi2 = 0 (as in Experiment B),
and assume
N
et = 5Zsijeﬁ—|—sit, fori=1,..,.N,t=1,...,T
j=1
e ~ IIDN(0,0%),0% =1,

with 6 = 0.4.

The aim of this set of experiments is to investigate the robustness of CCE estimators to the

possible time variations in the nature of cross section dependence.
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Each experiment was replicated 2,000 times for the (N, T") pairs with N, T = 20, 30, 50, 100, 200.
In each experiment we computed the CCE Mean Group and the CCE Pooled estimator provided
by formula (39) and (42), assuming equal weights w; = %, i = 1,..., N. We further considered a
misspecified structure that ignores the presence of common factors and/or spatial correlations, i.e.

the fixed effects estimator

N -1 N
brp = (Z X;MTXZ> > XMy, (44)
=1

i=1

where My = Iy — 7(7/7) 17/, and T is a vector of ones.

To facilitate the interpretation of results, in each experiment we computed a statistic of cross
section dependence, the C'D test (Pesaran, 2004), a statistic of local cross section correlation, the
CD(p), and the simple average of pair-wise cross section correlation coefficients of the residuals, 7.
We have chosen these tests because they do not require the specification of a generating process
for the error term. The CD statistic is

\/T o
on - il
NN -1\ = j=it1

where 7;; is the sample estimate of the pair-wise correlation of the residuals, specifically
T

Z Ui Uy

t=1

- /2 , o 1/2°
t=1 t=1

and 1 is an estimate of the regression residuals u;; = ;s — a;dys — 3'X;t, using the pooled estimator
bp of B. Pesaran (2004) has shown that the C'D test is suitable under global alternatives such as

the multi-factor residual models. However, when the cross section units can be ordered, it is more

A~

Tij =

appropriate to compute the following C'D(p) test statistic

CD(p) = 2T by i i
(p) = m ;ig_lrm—s )

where p is the order of the spatial weight matrix. Finally, the average of pair-wise cross section

correlation coefficients is
9 N-1 N
F=—— T4
N(N —1) Z Z Y
i=1 j=i+1
This Monte Carlo study is intended to investigate the relationship between the small sample proper-

ties of a number of estimators and the source of cross section dependence. In addition, this analysis

provides interesting results for a number of issues. First, the performance of the fixed effects estima-
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tor in Experiment B highlights the consequences of ignoring spatial correlation in panels. Further,
we can verify whether various assumptions of weak dependence in the error term have an impact
on the asymptotic behaviour of the statistics of global and local cross section dependence. Finally,
we can explore whether there is a link between the range and intensity of cross section dependence

and the performance of estimators.

8.2 Monte Carlo results

Results on the estimation of the slope parameters for Experiments A, B, C and D are summarized
in Tables 1, 2, 3, and 4, respectively. In what follows we focus on the estimation of /3; results for
B4 are very similar and are not reported. Further, we only provide results for the spatial weight
matrix of order p = 2, since a more sparse weights matrix (case p = 1) leads to very similar results.
Finally, to save space, we only provide Size and Power of estimators for Experiments B and C,
while we do not report their Bias and RMSE, since these are very close to Bias and RMSE values
in Experiments A. Note that the power of the various tests are computed under the alternative
H;: 5, =0.95.

Table 1 shows results that are very similar to those in Pesaran (2006). First, the fixed effects
estimator, ignoring the factor structure, performs very poorly, is substantially biased, and is subject
to large size distortions. Further, as expected in the case of homogeneous slopes, the RMSE of the
CCE Pooled estimators is lower than the RMSE of the CCE Mean Group estimator, although
the difference between them becomes very small as N and T increase. Finally, tests using the
CCE Mean Group and the CCE Pooled estimators are correctly sized, reflecting the fact that the
estimated variance is a consistent estimate of the true variance.

Moving to Experiments B, Table 2 refers to the case where the error term is generated by a
spatial autoregressive process. Monte Carlo results show that the fixed effects estimator, ignoring
the spatial correlation, over-rejects the null hypothesis. The over-rejection tendency is due to the
use of inappropriate standard errors, and appears to be substantial only in the case of the large
value of the spatial parameter (namely when 6 = 0.8). Note that in the case of these experiments
the FE estimator is consistent.

Focusing on the tests that use CCE Mean Group and CCE Pooled estimators, their empirical
sizes are very close to the nominal size, for both values of the spatial parameter. Similarly, in
Experiments C (Table 3), the combination of common factors and spatial correlation in the error
term does not affect the empirical size of CCE estimators, which is close to the level of 5%. These
Monte Carlo results clearly show that the CCE approach seems to work well not only in the case
of global cross section dependence but also in the presence of spatial correlation. Finally, results
from Experiments D (Table 4) suggest that CCE estimators are also robust to time variations in
the source of cross section dependence.

Table 5 reports some statistics of cross section dependence for the above experiments, based on
residuals from the CCE Pooled estimation. The average cross section correlation in Experiments A
is high and persistent as N increases, for all values of 7. Conversely, in Experiments B, 7 declines

rapidly to zero as the sample size is increased. In fact, local correlation implies that units have a
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limited number of neighbours regardless of the sample size. Therefore, the average of local cross
section correlation computed over all units decreases as N increases. This also affects the C'D

statistic, which slightly diminishes as N is increased, for all values of T'.

9 Concluding remarks

Cross section dependence is a rapidly growing field of study in panel data analysis. In the case of
panels with large cross section dimension, unobserved factor models, or when a measure of distance
among units is available, spatial processes are used. The essential aim of this paper has been to
discuss the estimation of a panel regression model with common factors and spatial dependence.
To this end, we introduced the notions of strong and weak cross section dependence, and show
that these notions are critical to the distinction that prevails in the literature between the two
approaches advanced for modelling of cross section dependence. An important extension of this
paper would be to study of the properties of classical estimation techniques in regression models
with cross sectionally weakly correlated errors. It might also be worth considering spatial patterns
that are not weak and are dominated by one or more cross section units. This is likely to be a
theoretically more meaningful approach to investigate common effects as compared to the purely

statistical factor models the results of which are often difficult to interpret.
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Appendix
We now sketch the proofs of Theorems 18 and 19. We refer to Pesaran (2006) for further details.

Lemma 20 Let e; = Ryes, where Ry satisfies Assumption 9, and for each t, i is distributed
independently across i and t with mean zero, finite variances 0 < 022 < K < 00, and finite fourth-

order moments, E(sf‘t) = uly < K < oco. Then under Assumptions 1, and 2 we have for all sets of
weights {w;} satisfying (13)-(14)

“ee —0,(y). (45)
Sl TEal)

Ve 1 ele 1
N i e i 47
T p(\/ﬁ> T p(W) )

—_ — _ [ N ;
where €y = (Ewl, ..., EwT) , Cwt = » ;1 Witit, D and F are T x n and T' x m matrices on observed
/

and unobserved common factors, and V; = (Vi1, ..., ViT)
Proof. Note that T-'e/ &, = T1 ZtT:1 €2, by Theorem 17
a 1
E(T7'&,8,)=T"'> E(e,) =0 <N> . (48)
Similarly, since ¢;; are serially independent
T
Var (T_lé'wéw) =72 Z Var (é%vt) ,
t=1

and by Theorem 17
1
Var (T7'€,8,) = O (NzT) |

which proves (45). As for (46), consider the ¢th row of T-1F’g, and note that it can be writ-
ten as T 1 Zle fer€wt, where fgu and e, are distributed independently of each other. Then

— T _ .
T=1>", | fe€uw has zero mean and variance

T T T
Var (T_l Zfétéwt) =T ZE (f@zt) E (é?”t) < TaxO (]b) {T_z ZE (fezt)} =0 (NlT> '
t=1 t=1 t=1
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This establishes (46). The second result in (46) and the first result in (47) follow similarly. As for
the second result in (47), note that, since w; = O(1/N) and given that e;; is CWD

E

E(T 'efe,) = T7') E(eyu)

-
Il
—

]~

1
= 77 (w1 E (eirerr) + ... + wy E (eirent)] = O <>

~~
Il
—

Denote the it" row of R, by r;; and note that®
N
2 2
e = » i, < [rull; = O(1).

J=1

Hence we have

2
N N
1
E(ey) = E [(rzt&‘té‘trzt) } =E (Y rijericeicn
=1 £=1
N N N N
= b ZZ § E Tij Tl tTik iR, t€ jtELEKLE ht
j=1 6=1 k=1 h=1
2
N N N
_ ZZ 2 2 Z 2 _
- r’L] tTik tE (Ejtgkt) <K Tw,t 0(1)7
J=1k=1 7=1

T T

Plrem)] = T B () ST (B (e B ek)]
_ 0 <]1V> T2§ (E(c4)] =0 <N1T> .

The above results can be used to prove further results that are helpful in deriving the asymptotic
distribution of CCE estimators. Let

¢, = ( eit + Bivit ) '
Vit

*Let x = (21, ...,zn)’, we define the vector norm |-||; of x as ||x||, = |z1] + ... + |zn].
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From Lemma 20 it follows that (see also Lemma 2 and 3 in Pesaran (2006))

£.8, (1)
= O —
T PAN)’
- (g3 20 ()
T P\VNT) T P\VNT)’
V'€ 1 1 ! 1 1
N OP<N)+OP(\/W>’6§UJ:OP (zv)*Op (m)
XiE, 1 1
T OP<N)+O”(\/NT>'

The above results prove the fundamental relations (under the assumption that the rank condition
is satisfied)

X'M,F 1 1
IR wE — - 4
XM, X; XM X, 1 1
- o on(y) o () o
X' M, e; X!Me; 1
? — ? — 1
T T +0p (N) ’ (51)

where M, = I — G(G'G)™'G'. Note that (49)-(51) are identical to relations (40), (43) and (44)
in Pesaran (2006), and will be used to derive the asymptotic distribution of CCE Mean Group and
CCE Pooled estimators.

Proof of Theorem 18. Consider
N N - N
1 1 - vNX'M,F 1 v XM e;
VN (bya — :75 U.+7§ Pl [ e 7§ 7’“ ,
(bar = 6) VN& TN & T N &

where by assumption ¥} = (Tﬁngl\_/Iin)fl has second-order moments. Given (49) it follows

and hence, since by assumption factor loadings are bounded, we have (Pesaran, 2006, p. 983)

N —

1 - VNX'M,,F

NE et (;ﬂw>’yi£>0, as (N,T) L oo
i=1

From (50)-(51) we have
Jbi‘i';l (\/NXI’}\_/IweZ> _ ]bi (XM x> (\/NXjéMge,) ‘o, (\/%) ‘o, (111)
o) o ()
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where

N
1 XM X; XM, e;
A — 1 g
o= mn () ()
_ 1 Z(v;mgvi)l (v;Mgei)
NT = T VT

A N1 has zero mean and variance

N N 1 / / -1
1 VIM,V; V.M,eelM,V, VM,V
Var(Anr) = ~T E E E [(Tg ) ( g T] 9 ]> < J Tg ]> ]
j=1

ViM ez‘e’Mng) »1

_ ]' al 2_1E % g ]
—Nz§i< ;

Consider the (¢, s)!" element of the T x T matrix E (eie;-> and note that

ri.A.ryy, fort=s
E (eiejs) = B (vheelry) =4 " =7
(eitejs) ( it=1=s ]) 0, otherwise

where r;; is the ith row of the matrix R;. Given that the matrix R; has bounded absolute column

and row sums, it follows that the diagonal elements of the matrix £ <eZ ) satisfy
i Actjt < O ity jell, = O(1), for t =1,2,...,T.

Hence, since V; are independent across ¢, we have

N
VIM,V; 1 1
Var(Anr) <—K§ § = 1E< > zt= ﬁK§ 2;1:0<T>.
i=1

=1 j=1
Therefore N
1 1
\/N(bMG—ﬂ) \F; Z+Op<\/ﬁ>+0p(\/f>’
and
VN (bug = B) 5 N (0,Bue)  as (N,T)
[

Proof of Theorem 19. Consider

N —1/2 N N ,_ "M
($) " o) (o) (S )
i=1

i=1
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where

Using (49) and (52)

Hence,

=1 =1 =1
1 1
40, —= ) +0O ()
(7w)+or (77
Note that the element
N , -1 N
Zu} XlMgXi 1 Z XZMgeZ
i=1 Z T VN =1 T
has mean zero and variance
N "/ -1 N N N I N N — -1
XM X; 1 - ViMge;e; MgV XiMyX;

considering that F (eie;) is a diagonal matrix with finite elements, and V; is independently dis-
tributed across ¢. It then follows that

N ~1/2
(Z wf) (Bp - ,8) — N(0,Zp).
=1
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Table 1: Small Sample Properties of CCE Type Estimators in Experiments A

Bias (X100) RMSE (X100)
T T
N 10 20 30 50 100 200 10 30 50 100 200
CCE Mean Group
20 0.68 0.00 -0.07 -0.08 0.04 0.02 21.54 8.15 5.86 4.29 2.96 2.21
30 0.12 -0.05 0.05 0.03 -0.02 0.04 18.40 6.69 4.81 3.30 2.22 1.66
50 | -0.26  0.00 0.12 -0.02 0.03 0.06 | 14.35 5.17 3.61 2.51 1.62 1.17
100 | -0.19 -0.02  0.02 -0.02 0.02 0.01 | 10.39 3.65 2.56 1.77 1.11 0.74
200 | 0.13 0.06 -0.00 -0.03 0.01 -0.00 | 7.55 2.70 1.85 1.21 0.78 0.53
CCE Pooled
20 0.19 -0.01 -0.02 -0.06  -0.00 0.03 | 12.06 6.92 5.14 4.03 2.96 2.28
30 0.05 -0.06 -0.04 0.06 -0.03 0.03 | 10.14 5.48 4.15 3.06 2.16 1.68
50 | -0.36 -0.02  0.09 -0.04 0.03 0.07 7.91 4.24 3.15 2.26 1.58 1.16
100 0.02 0.06 0.07 -0.01 0.01 0.01 5.70 2.95 2.23 1.63 1.06 0.72
200 | 0.09 0.02 0.006 -0.01 0.01 -0.00 4.01 2.09 1.59 1.11 0.74 0.52
Fixed Effects Estimator
20 17.43 1723 17.13 17.52 17.20 17.48 | 23.44 20.98 20.03 19.62 18.70 18.67
30 16.62 17.00 17.08 17.41 17.55 17.51 23.34 20.90 20.03 19.36 18.83 18.53
50 17.50 18.14 18.41 18.34 18.33 18.10 | 21.65 20.62 20.17 19.67 19.17 18.75
100 | 16.57 17.26 17.09 17.59 17.25 17.11 | 21.08 19.86 18.90 18.79 17.95 17.56
200 | 16.33 17.24 17.28 17.35 17.37 17.35 | 20.31 19.65 18.91 18.41 17.97 17.69
Size (5% level) (X 100)(Hg: 5;= 1) Power (5% level) (x100)(H7: 5;= 0.95)
T T
N 10 20 30 50 100 200 10 20 30 50 100 200
CCE Mean Group
20 5.90 6.45 6.45 8.25 7.25 7.25 6.65 12.50 17.25 26.85 45.90 67.30
30 6.05 6.25 6.95 6.85 5.85 6.80 7.15 13.15  20.80 35.70 62.95 87.15
50 4.80 6.15 5.50 5.05 5.70 6.20 6.90 17.15  31.30 52.70 86.60 98.85
100 | 5.35 5.10 5.60 5.85 5.35 3.85 7.50 27.80  50.65 81.90 99.25  100.00
200 | 5.15 5.25 5.75 4.65 5.15 4.75 10.75 48.50 78.80 98.30  100.00 100.00
CCE Pooled
20 5.30 6.60 6.80 7.70 7.90 7.45 6.75 14.30 19.15 30.05 46.95 66.25
30 5.30 6.30 6.65 6.45 6.30 6.50 7.90 16.60 24.05 39.60 65.90 85.70
50 4.95 5.85 5.95 5.40 5.95 5.95 9.80 23.90  38.20 58.75 88.55 98.85
100 5.50 5.00 5.45 5.95 5.40 4.55 15.35  39.40 63.15 86.80 99.55 100.00
200 5.60 4.95 5.35 5.20 5.00 5.10 25.85 65.85 88.65 99.35 100.00  100.00
Fixed Effects estimator
20 | 50.25 68.20 79.00 89.70 96.20 98.75 63.40 82.80 91.50 97.05 99.10 99.80
30 | 59.95 75.25 83.65 93.05 98.15 99.45 70.50 86.55  92.70 98.05  99.80 99.75
50 70.55 87.80 95.65 98.70 99.90 100.00 | 84.40 96.70  99.40 99.80 100.00  100.00
100 | 80.00 92.05 96.20 99.50 99.90 100.00 | 89.25 97.75 99.50 100.00 100.00 100.00
200 | 86.25 95.45 98.20 99.70 100.00 100.00 | 93.80 99.00 99.90 100.00 100.00 100.00

Note: The model has common factors but no spatial dependence. CCE Mean Group, CCE Pooled and the
fixed effects estimator are defined by (39), (42) and (44).
Variances of CCE Mean Group and CCE Pooled are, respectively, (41) and (43).
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Table 2: Size and Power of CCE Type Estimators in Experiments B

Size (5% level) (x100)(Hg: 3;= 1) Power (5% level) (x100)(H7: 5;= 0.95)
T T
6= 10.8
N 10 20 30 50 100 200 [ 10 20 30 50 100 200
CCE Mean Group
20 6.55 7.00 6.55 5.55 6.65 6.55 6.40 9.35 11.40 16.85 31.60 53.65
30 6.15 5.75 6.00 6.05 5.70 6.80 6.10 9.25 11.50 18.60 22.00 64.45
50 4.60 4.65 5.30 6.40 4.45 6.45 5.90 9.25 12.75 23.15 48.20 80.95
100 | 5.15 4.90 5.70 4.70 520 6.05 5.65 12.60 22.00 40.50 73.10 97.40
200 4.75 5.30 5.50 4.60 5.05 5.00 6.20 20.65 35.55 61.80 95.60 100.00
CCE Pooled
20 4.60 6.70 7.05  6.35 7.40 7.15 5.55 9.15 11.95 17.65 33.85 54.45
30 5.20 5.80 6.75 5.70 5.30 7.30 6.65 10.05 13.05 20.30 26.55 66.15
50 5.15 5.50 5.15 6.85 5.05 6.10 6.85 11.15 15.70 26.90 52.00 81.70
100 | 5.45 5.05 530  5.65 4.95 5.55 8.45 15.95 26.55 4540 76.85 97.60
200 | 5.30 5.60  5.20 4.75 4.75 4.90 | 11.55 29.00 44.25 70.80 96.60 100.00
Fixed Effects estimator
20 10.65 11.05 11.00 9.65 10.85 10.60 | 13.40 1590 18.60 22.65 38.15 55.70
30 | 16.50 17.15 17.45 17.15 13.35 18.80 | 18.55 22.55 25.55 33.55 46.15 68.80
50 8.55 8.30 8.25 9.55 8.05 9.60 | 14.35 18.75 24.25 37.55 61.80 87.65
100 | 13.60 14.35 13.35 13.10 14.75 14.30 | 23.55 35.00 46.15 65.30 87.30  98.25
200 | 12.90 13.70 12.35 13.20 12.80 13.85 | 30.85 52.35 68.30 85.70 98.75 100.00
Size (5% level) (X100)(Hg: 1= 1) Power (5% level) (xX100)(H7: 1= 0.95)
T T
=04
N 10 20 30 50 100 200 [ 10 20 30 50 100 200
CCE Mean Group
20 | 5.5 7.35  6.50 6.35  5.75 6.90 | 6.75 12.00 1590 25.90 51.80 80.45
30 | 5.80 6.05 590 545 6.90 6.50 | 7.15 13.50 19.40 34.60 64.30 93.40
50 | 4.80 4.50 4.55 6.15 550 590 | 6.15 14.80 25.15 47.75 84.50 99.00
100 | 4.65 5.00 5.45 5.20 5.65 5.25 7.75 26.25 44.80 77.10 98.45 100.00
200 | 5.15 5.60 5.80 4.65 5.60 4.75 | 9.75 44.15 73.65 96.85 100.00 100.00
CCE Pooled
20 | 460 6.80 6.85 6.50 6.55 7.05 | 6.40 12.30 17.80 26.90 53.90 81.00
30 5.25 5.75  6.00 5.60 7.05 6.60 7.75 14.60 22.30 38.50 67.70 94.15
50 | 5.00 5.55 595 6.25 555 595 | 9.05 21.05 32.05 54.45 87.30 99.20
100 | 4.50 5.20 5.50 4.85 530 5.25 | 13.80 34.20 55.10 83.90 99.00  100.00
200 | 5.30 4.95 545 4.65 5.10 4.60 | 21.55 60.90 85.40 98.75 100.00 100.00
Fixed Effects estimator
20 [ 6.85 6.70 740 6.15 6.60 5.95 | 13.30 2145 27.00 41.85 72.45 94.20
30 | 840 7.05 710 6.85 790 7.95 | 15.65 27.50 37.45 57.75 84.35 99.25
50 | 6.30 5.35 545 6.55 5.70 6.25 | 20.90 37.10 50.25 75.55 97.00  100.00
100 | 6.95 690 7.35 6.65 7.10 7.35 | 34.50 65.15 83.40 96.85 99.95  100.00
200 | 6.70 6.70 6.30 645 7.00 7.15 | 56.05 90.35 98.65 99.90 100.00 100.00

Note: The model has common factors but no spatial dependence. CCE Mean Group, CCE Pooled and the
fixed effects estimator are defined by (39), (42) and (44).
Variances of CCE Mean Group and CCE Pooled are, respectively, (41) and (43).
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Table 3: Size and Power of CCE Ty

pe Estimators in Experiments C

Size (5% level) (x100)(Hp: 1= 1)
T

Power (5% level) (x100)(H7: 5;= 0.95)
T

6= 0.8
N 10 20 30 50 100 200 [ 20 30 50 100 200
CCE Mean Group
20 5.95 6.30 7.80 7.85 6.30 6.65 6.85 9.30 13.25 17.40 30.20 46.90
30 5.70 5.60 6.05 6.50 5.75 6.65 6.50 8.90 12.25 19.35 35.00 62.50
50 5.60 5.75 5.25 5.80 5.30 5.80 6.65 9.25 15.30 24.25 49.05 79.05
100 | 5.55 5.20 5.25 5.35 4.60 4.95 5.45 12.25 22.00 37.50 7375 96.80
200 5.55 5.20 5.50 5.05 5.60 4.80 7.45 19.00 33.70 62.55 95.50 99.95
CCE Pooled
20 4.85 6.85 7.05 7.50 6.60 7.05 5.95 10.60 14.10 19.55 31.40 48.40
30 5.35 6.35 5.85 6.80 6.15 6.80 6.60 10.95 13.85  20.90 36.95 63.00
50 5.80 4.95 5.60 5.45 5.55 5.75 7.40 12.10 17.80 27.20 52.40 80.90
100 | 4.65 5.20 5.55 5.55 4.60 4.80 8.00 17.00 27.40 43.30 77.90 97.85
200 | 5.50 5.25 4.15 4.50 5.65 5.35 12.75 27.70 44.25 70.55 96.00 99.95
Fixed Effects estimator
20 40.30 56.15 67.10 80.75 92.60 97.75 48.65 68.95 81.35 92.50 98.55 99.45
30 | 48.55 64.80 74.70 86.20  96.00 99.05 | 57.70 77.10 86.25 95.35 99.35 99.70
50 | 58.80 78.65 83.80 95.80 99.70  100.00 | 70.10 90.05 97.40  99.50 99.95  100.00
100 | 70.95 86.65 93.05 98.95 99.80 100.00 | 81.50 95.20 98.80  99.85  100.00  100.00
200 | 80.05 92.05 96.70 99.50 100.00 100.00 | 90.00 98.10 99.75 100.00 100.00 100.00
Size (5% level) (X100)(Hg: B1= 1) Power (5% level) (x100)(H7: 1= 0.95)
T T
=04
N 10 20 30 50 100 200 [ 10 20 30 50 100 200
CCE Mean Group
20 5.90 6.85 7.15 8.40 7.05 7.35 7.05 12.05 17.15  25.80 44.45 65.30
30 5.00 5.95 7.20 6.75 6.00 6.75 6.85 12.55 19.15  33.20 59.80 85.55
50 5.90 5.75 5.05 5.20 5.80 6.10 7.35 15.40 27.80  47.90 83.40 98.25
100 5.50 5.20 5.30 5.95 4.90 4.25 6.85 24.25  45.25 76.25 98.75 100.00
200 | 5.65 5.45 5.85 4.70 5.60 5.05 10.35  42.45 71.55 96.70  100.00 100.00
CCE Pooled
20 5.05 6.85 7.10 7.80 7.25 7.10 7.05 13.75 19.10 28.20 45.15 63.80
30 5.70 6.80 6.60 6.65 5.85 7.00 7.65 15.90 22.95 37.25 62.30 83.90
50 5.75 5.40 6.00 5.45 5.65 5.95 10.00 21.05 33.85 54.60 85.80 98.35
100 5.15 5.05 5.45 5.90 5.40 4.30 14.45  35.70 56.95 82.65 99.00  100.00
200 5.90 5.05 5.30 4.45 5.60 5.05 23.40 5850 83.85 98.35 100.00 100.00
Fixed Effects estimator
20 49.25  67.45 78.15 89.55  96.05 98.65 | 61.50 81.25 91.05  96.90 99.25 99.75
30 57.70  74.05 82.70 92.60  97.90 99.45 | 69.45 86.60 92.45  98.00 99.80 99.75
50 69.25 87.15 9540 9850 99.90 100.00 | 82.15 95.95 99.30 99.85 100.00 100.00
100 | 79.15 91.60 96.10 99.45 99.90 100.00 | 88.70 97.60 99.45 100.00 100.00 100.00
200 | 85.80 95.40 98.00 99.70 100.00 100.00 | 93.80 98.95 99.90 100.00 100.00 100.00

Note: The model has common factors but no spatial dependence.

fixed effects estimator are defined by (39), (42) and (44).

Variances of CCE Mean Group and CCE Pooled are, respectively, (41) and (43).
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Table 4: Size and Power of CCE Type Estimators in Experiments D

Size (5% level) (x100)(Hg: 5;= 1) Power (5% level) (x100)(H7: 8;= 0.95)
T T
Experiment D1
N 10 20 30 50 100 200 [ 10 20 30 50 100 200
CCE Mean Group

20 6.80 6.00 6.60 7.60 6.95 6.94 7.00 13.75 17.85 27.10  48.30 68.37

30 | 6.40 5.60 6.50 6.05 6.00 5.60 7.05 14.20 21.30 35.75  65.05 87.60

50 5.70 5.55 5.55 5.85 5.25 6.00 7.40 16.95 29.75  53.30  85.15 98.90

100 | 4.25 5.55 5.60 5.00 5.50 4.65 7.85 27.90 48.10 79.05  99.05  100.00

200 | 4.31 4.91 5.30 5.80 5.29 4.90 11.23 47.81 77.65 96.30  100.00 100.00

CCE Pooled

20 6.30 6.80 7.00 7.25 7.70 7.76 8.00 15.05 19.75 28.80  50.35 69.08

30 5.65 5.90 6.40 6.65 6.00 5.85 6.65 18.05 24.20 40.80 67.25 88.40

50 4.15 6.00 5.70 5.60 4.80 6.40 10.30 22.80 36.20 58.80 87.80 0.98

100 | 5.10 6.05 4.95 5.60 5.55 4.55 15.05 37.95 59.60 85.60  99.50  100.00

200 | 5.57 4.70 4.70 5.75 4.97 4.72 23.48 64.37 87.95 98.15 100.00 100.00

Fixed Effects estimator

20 | 36.90 71.00 80.70 81.85 94.05 97.35 | 46.65 88.65  89.75 95.15 99.10 99.74

30 | 49.20 73.05 75.55  87.55 94.85 99.05 | 62.75 78.00 90.05 96.45  99.20 99.95

50 | 60.55 80.45 89.40 96.10  99.70 100.00 | 77.15 94.10 97.75 99.55 100.00 100.00

100 | 71.40 85.05  91.95 97.65  99.55 99.95 | 84.95 9590 98.25 99.90 100.00 100.00

200 | 79.05  90.76 95.45 97.70  100.00 100.00 | 89.95 97.81 99.70  99.85 100.00 100.00

Size (5% level) (X100)(Hg: B1= 1) Power (5% level) (xX100)(H1: 1= 0.95)
T T
Experiment D2
N 10 20 30 50 100 200 [ 10 20 30 50 100 200
CCE Mean Group

20 6.55 6.70 7.10 7.50 7.65 7.15 7.60 11.85 17.75  27.90 49.30 77.15
30 5.30 6.30 6.20 5.95 6.55 6.00 6.15 13.55  21.05 34.05 66.50 92.00
50 5.15 5.55 5.35 5.95 5.70 5.55 7.10 16.55  27.25  50.45 84.75 99.40
100 4.95 4.70 5.25 5.05 5.95 5.19 7.90 25.10 45.60 77.95 99.15 100.00
200 | 4.90 5.35 6.10 5.10 5.20 5.35 10.85 4490 7445 97.21 100.00  100.00

CCE Pooled

20 6.35 7.05 6.85 7.15 7.60 7.05 8.10 14.15 19.35  30.35 51.70 76.85
30 4.95 5.55 6.50 6.90 6.45 5.80 7.55 17.15  25.10 36.80 68.00 92.55
50 5.85 5.95 6.20 5.95 5.75 6.00 9.10 22.25 3435 56.60 86.35 99.45
100 | 4.85 4.90 5.55 5.30 5.90 5.43 13.95 37.05 56.25 84.10 99.35 100.00
200 5.15 6.15 5.35 5.24 5.45 4.95 23.30 62.00 87.25 99.18 100.00  100.00

Fixed Effects estimator

20 29.20 35.10 49.00 57.30 78.90 91.40 44.45 5825 7440 86.55 97.25 99.55
30 40.20 45.50 57.10 66.15 85.35 94.10 52.20 67.60 80.15 89.40 98.80 99.90
50 47.30 54.75  68.90 81.65 93.70 98.90 66.55  80.35 92.15 98.35 99.90 100.00
100 | 59.85 66.00 76.00 86.20 96.30 99.64 78.40  88.75 95.70  98.90  99.95 100.00
200 | 68.60 73.55 85.05 92.93 98.80 100.00 87.25 94.40 97.80 99.73  100.00  100.00

Note: The model has common factors but no spatial dependence. CCE Mean Group, CCE Pooled and the

fixed effects estimator are defined by (39), (42) and (44).
Variances of CCE Mean Group and CCE Pooled are, respectively, (41) and (43).
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